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Leonardo Trani 1
Abstract - We study some properties of Laplacian eigenvalueswith negativeRobin bound-
ary conditions. We will show some monotonicity properties on annuli of the first eigen-
value by means of shape optimization techniques.
Riassunto - In questa nota si studiano gli autovalori del Laplaciano con condizioni al
bordo di Robin negative. Mostreremo alcune proprietà di monotonia per il primo autoval-
ore sull’anello attraverso l’uso di tecniche relative all’ottimizzazione di forma.
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1 - INTRODUCTION
We consider the following eigenvalue problem{
−∆u = λiu in Ω
∂u
∂ν
= αu on ∂Ω
(1)
where α > 0 and we investigate the monotonicity of the first eigenvalue λ1 in the
annulus, defined as Ar1,r2 = Br2 \Br1 for r1 < r2, where Br is the open ball of
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radius r, following (Freitas and Krejc˘ir˘ík, 2015), with respect to r2. We prove the
following
Theorem 1. Let V1 be the following vectorial field in R
2
V1(x) =
{
ν if |x| = r2
0 otherwise
(2)
where ν is the unit outward normal vector of ∂Ω, then
dλ1 (Ar1,r2 , V1) > 0.
In particular, if r2 < r˜2 than
λ1 (Ar1,r2) < λ1 (Ar1,r˜2) .
On the other hand, we have observed that, when the parameter α = d
√
ωd
|Ω| ,
where
ωd =
π
d
2
Γ
(
1 + d2
) ,
problem (1) on the ball is equivalent to the Stekloff-Laplacian problem, for which
is known the value of the first non-trivial eigenvalue. The statement is the follow-
ing
Theorem 2. Let Ω be a bounded open subset of Rd with Lipschitz boundary and
let Br be the ball with the same measure as Ω, that is r =
d
√
|Ω|
ωd
.When α = 1
r
the
following inequality holds
λ2(Ω) ≤ λ2(Br) = 0. (3)
2 - NOTATIONS AND PRELIMINARIES
In this section we recall some properties of the eigenvalues of the Laplacian.
Let Ω be a bounded open subset of Rd, the eigenvalues of (1) form a sequence
λ1 ≤ λ2 ≤ . . . ≤ λm ≤ . . . such that λm → ∞, and they can be characterized
with min-max formulation, that is
λm(Ω) = inf
Em⊂H1(Ω)dimEm=m

 maxv∈Em\{0}
∫
Ω
|∇v|2dx− α
∫
∂Ω
v2dσ∫
Ω
v2dx

 . (4)
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In particular, the first one is given by
λ1(Ω) = inf
v∈H1(Ω)\{0}
∫
Ω
|∇v|2dx− α
∫
∂Ω
v2dσ∫
Ω
v2dx
. (5)
Using the costant as test function in the Rayleigh quotient (5), we obtain the fol-
lowing inequality, which allows to see that λ1(Ω) < 0:
λ1(Ω) ≤ −α
σ(∂Ω)
|Ω|
, (6)
where σ(Ω) stands for the (d − 1)-dimensional Hausdorff measure of ∂Ω and
|Ω| stands for the Lebesgue measure of Ω. The above inequality implies that
the first eigenvalue is not bounded from below when the volume is fixed. As in
(Lacey et al., 1998)one can see that the first eigenvalue is simple and has a positive
associated eigenfunction.
Having in mind this fact, we obtain that the associated eigenfunction to problem
(1) on the annulus is radial, and then we can write problem (1) as follows

− 1
rd−1
[
rd−1φ′(r)
]′
= λ1(Ar1,r2)φ(r), r1 < r < r2
−φ′(r1)− αφ(r1) = 0
φ′(r2)− αφ(r2) = 0
(7)
where u1(x) = φ(|x|) is the first eigenfunction in Ar1,r2 . The solutions of (7) are
given by
φ(r) = r−p
[
C1Kp(
√
λ1(Ar1,r2)r) + C2Ip(
√
λ1(Ar1,r2)r)
]
, (8)
where C1 and C2 are implicite defined by the boundary conditions as in (Freitas
and Krejc˘ir˘ík, 2015), and where the functions Ip and Kp are modified Bessel
functions of order p, see for istance (Abramowitz and Stegun, 1965), and
p =
d− 2
2
.
For a long time, it was conjectured that balls maximize λ1 among bounded open
sets with given volume. Only recently, in (Freitas and Krejc˘ir˘ík, 2015), the au-
thors disprove such conjecture by showing that there exists an annulus, for which
|Ar1,r2 | = |Br| such that
λ1(Ar1,r2) > λ1(Br)
3
for α suitable great. More precisely, they prove the following asymptotics for λ1:
λ1(Ar1,r2) = −α
2 −
α
r2
+ o(α) (9)
λ1(Br) = −α
2 −
α
r
+ o(α).
In order to prove Theorem 1, we need to recall the classical Hadamard formula
for λ1, which is
dλ1(Ω, V ) =
∫
∂Ω
(
|∇u1|
2 − λ1(Ω)u
2
1 − 2α
2u21 − αHu
2
1
)
(V · ν)dσ (10)
where Ω ⊂ R2 is smooth,H is the mean curvature at a point x of ∂Ω, ν is the unit
outward normal vector of boundary ∂Ω and V is a smooth vector field defined on
∂Ω.
For the proof of Theorem 2, we need the following weighted isoperimetric in-
equality from (Betta et al., 1999):
Theorem 3. Let Ω be a bounded open subset of Rd with Lipschitz boundary, Br
a ball, such that |Ω| = |Br|, and ψ : [0,+∞) → [0,+∞) a non-decreasing
function such that (
ψ(t
1
d )− ψ(0)
)
t1−
1
d
is convex for every t ≥ 0∫
∂Ω
ψ(|x|)dσ ≥
∫
∂Br
ψ(|x|)dσ. (11)
Another important remark in order to prove the Theorem 2 is about the eigen-
values of the Stekloff-Laplacian problem,{
−∆u = 0 in Ω
∂u
∂ν
= piu on ∂Ω
. (12)
where Ω is a bounded open set with Lipschitz boundary. The eigenvalues of (12)
form a sequence 0 = p1 ≤ p2 ≤ . . . ≤ pm ≤ . . . and they can be characterized,
like in (Henrot, 2006), with the variational formulation
pm(Ω) = min
v∈H1(Ω)\{0}


∫
Ω
|∇v|2dx∫
∂Ω
v2dσ
:
∫
∂Ω
vuidσ = 0, i = 1, . . . ,m− 1

 ,
(13)
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where ui is the eigenfunction associated to the eigenvalue pi(Ω).
It is known that are p2(Br) = p3(Br) = . . . = pd+1(Br) =
1
r
and the asso-
ciated eigenfunctions are ζi(x) = xi−1 with i = 2, . . . , d + 1. For that reason,
choosing in problem (1) α = p2(Br) =
1
r
, we obtain λ2(Br) = λ3(Br) = . . . =
λd+1(Br) = 0.
Before proceeding, applying (10) to the annulus in R2 of radii r1 < r2, recall-
ing that a volume preserving vector field is a smooth vector field V : Ω ⊂ R2 →
R
2 such that ∫
∂Ω
(V, ν)dσ = 0,
we obtain the following stationary condition:
Proposition 1. Let Ar1,r2 be an annulus of R
2 and let V be a volume preserving
vector field in Ar1,r2 , then
φ2(r2)
(
k2 − α2 −
α
r2
)
− φ2(r1)
(
k2 − α2 +
α
r1
)
= 0⇒ dλ1(Ar1,r2 , V ) = 0
(14)
where φ is the eigenfunction given in (8), k2 = −λ1(Ar1,r2) and α is the
positive parameter in the Robin boundary condition.
Proof. By (10)
dλ1 (Ar1,r2 , V ) =
∫
∂Ar1,r2
(
|∇u|2 + k2u2 − 2α2u2 − αHu2
)
(V · ν) ds
=
(
k2 − α2 −
α
r2
)
φ2 (r2)
∫
∂Br2
(V · ν)ds
+
(
k2 − α2 +
α
r1
)
φ2(r1)
∫
∂Br1
(V · ν)ds,
and, having in mind that the vectorial field V is volume preserving, or equivalently∫
∂Ar1,r2
(V · ν)ds = 0⇒
∫
∂Br1
(V · ν)ds = −
∫
∂Br2
(V · ν)ds
and then
dλ1(Ar1,r2 , V ) =
[
φ2(r2)
(
k2 − α2 −
α
r2
)
− φ2(r1)
(
k2 − α2 +
α
r1
)]∫
∂Br2
(V · ν)ds,
which implies (14).
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Let
G(r2) = φ
2(r2)
(
k2 − α2 −
α
r2
)
− φ2(r1)
(
k2 − α2 +
α
r1
)
,
using the volume constraint r2
2 − r1
2 = C and the boundary conditions in (7),
we obtain
dG
dr2
(r2) = 2αφ
2 (r2)
(
k2 − α2 −
α
r2
+
1
2r22
)
+
2αφ2 (r1) r2
r1
(
k2 − α2 +
α
r1
+
1
2r12
)
.
Using the asymptotics (9), we have
dG
dr2
(r2) = 2αφ
2(r2)
(
1
2r22
+ o(α)
)
+
2αφ2(r1)r2
r1
(
α
r2
+
α
r1
+
1
2r21
+ o(α)
)
and dG
dr2
(r2) is positive for α greater than a critical value, said αc.
3 - PROOF OF THEOREM 1
When d = 2 (7) becomes

φ′′(r) +
φ′(r)
r
+ λφ(r) = 0
φ′(r1) = −αφ(r1)
φ′(r2) = αφ(r2)
(15)
where λ = λ1(Ar1,r2).
From (10) we obtain
dλ (Ar1,r2 , V1) = 2πr2φ
2 (r2)
(
−λ− α2 −
α
r2
)
(16)
and using (16) we can prove the statement by proving that(
λ+ α2 +
α
r2
)
< 0.
Setting z =
φ′
φ
(having in mind that φ > 0), using (15), we obtain that z
satisfies
dz
dr
+ z2 +
z
r
+ λ = 0 in (r1, r2) (17)
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and then
dz
dr
(r2) = −
(
λ+ α2 +
α
r2
)
.
From the boundary conditions in (15) we have z(r1) = −α and z(r2) = α. Then
defining
ξ = sup {ρ ∈ (r1, r2) : z(ρ) < 0} , (18)
we have that ξ < r2 and z(ξ) = 0, and using (17) we obtain that
dz
dr
(ξ) = −λ > 0. (19)
Our aim is to prove that dz
dr
(r2) > 0. Let ξ1 define by
ξ1 = sup
{
ρ ∈ (ξ, r2) :
dz
dr
(ρ) > 0
}
, (20)
by (18), we have z(ξ1) > 0, moreover, if ξ1 < r2, by (20) we have
dz
dr
(ξ1) = 0.
Differentiating (17) we get
d2z
dr2
(ξ1) > 0,
which gives a contradiction. Then necessarily ξ1 = r2 and by continuity
dz
dr
(r2) ≥
0. If dz
dr
(r2) = 0, differentiating (17), we obtain again
d2z
dr2
(r2) > 0,
but this is a contradiction to r2 = ξ1. This implies
dz
dr
(r2) > 0 and hence the
theorem is proved.
4 - WHAT HAPPENES TO λ1 WHENWE PINCH THE BALL?
We know that, if u1 is the eigenfunction of problem associated to λ1(Br), we
have
λ1(Br) =
∫
Br
|∇u1|
2dx− α
∫
∂Br
u21dσ∫
Br
u21dx
=
∫
Br
|∇u1|
2dx− nαωnu
2
1(r)r
n
∫
Br
u21dx
.
(21)
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Let ǫ > 0, we consider the annulus Aǫ,r′ , with r
′ > r such that |Aǫ,r′ | = |Br| and
let u1 be the function in H
1(Br′) defined by the following statement
w(x) =
{
u1(x) if x ∈ Br
u1(r) if x ∈ Br′ \Br.
(22)
We have
λ1(Aǫ,r′) ≤
∫
Aǫ,r′
|∇w|2dx− α
∫
∂Aǫ,r′
w2dσ∫
Aǫ,r′
w2dx
(23)
=
∫
B′r
|∇w|2dx−
∫
Bǫ
|∇w|2dx− α
(∫
∂Br′
w2dσ +
∫
∂Bǫ
w2dσ
)
∫
Br′
w2dx−
∫
Bǫ
w2dx
.
We have ∫
Br′
|∇w|2dx =
∫
Br
|∇u1|
2dx, (24)
∫
Bǫ
|∇w|2dx = o(ǫn), (25)
− α
(∫
∂Br′
w2dσ +
∫
∂Bǫ
w2dσ
)
= −nαωnr
n−1u21(r)−O(ǫ
n−1), (26)
∫
Br′
w2dx−
∫
Bǫ
w2dx =
∫
Br
u21dx+O(ǫ
n). (27)
From (23) and the above equations, we have
λ1(Br)− λ1(Aǫ,r′) ≥
O(ǫn−1)∫
Br
u21dx+O(ǫ
n)
(28)
then, for ǫ small enough, we have λ1(Br) > λ1(Aǫ,r′).
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5 - PROOF OF THEOREM 2
The min-max formulation (4) for the second eigenvalue of problem (1) allows
to write
λ2(Ω) ≤ max
v∈E2
∫
Ω
|∇v|2dx−
1
r
∫
∂Ω
v2dσ∫
Ω
v2dx
(29)
where E2 is a 2-dimensional space of the H
1(Ω). We choose E2 as the subspace
spanned by the coordinate function xi and a costant function, and then, denoting
by ai ∈ R the constant achiving the maximum in (29), we have
λ2(Ω) ≤
∫
Ω
|∇(xi + ai)|
2dx−
1
r
∫
∂Ω
(xi + ai)
2dσ∫
Ω
(xi + ai)
2dx
(30)
=
|Ω| −
1
r
∫
∂Ω
(xi + ai)
2dσ∫
Ω
(xi + ai)
2dx
.
From (30), adding for every index, from 1 to d, we obtain the following in-
equality
λ2(Ω) ≤
d|Ω| −
1
r
∫
∂Ω
|x+ a|2dσ∫
Ω
|x+ a|2dx
, (31)
and from that, by means of inequality (11), using a simple change of variables,
we have
λ2(Ω) ≤
d|Ω| −
1
r
∫
∂Br−a
|x+ a|2dσ∫
Ω
|x+ a|2dx
= 0 = λ2(Br), (32)
and this completes the proof.
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